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Abstract
We use wave optics feature to study image formation in grav-
itational lensing in presence of the preferred reference frame. Re-
cently we showed a time like dynamical vector field which is coupled
non-minimally with scalar tensor Brans-Dicke gravity has a modified
Schwarzschild de Sitter metric solution in weak field limit. In fact
physical effects of the preferred reference frames make an effective cos-
mological parameter. AdS regime (negative cosmological constant) of
this metric solution is used to obtain lensing potential because with
this condition the metric solution reaches to Minkowski form at an im-
portant local position. To do so we apply Fresnel-Kirchhoff diffraction
theory of a massless scalar field instead of the vector electromagnetic
waves in absence of the polarization property of the EM waves. This is
done to obtain corrections on location of the images formed by a point
like source in wave optics. Our main goal in this work is study effects
of the effective negative cosmological parameter on the interference
fringes of the diffracted waves, position of the formed images, distance
between the formed images and their intensity. We get methodology
proposed by Nambu et al to write this paper.
1 Introduction
Gravitational lensing is one of the predictions of Einstein‘s general relativity
theory in which the deflection of light rays coming from a distant star and
passing the sun was solved by the lens equation. This is done in weak gravi-
tational field with thin lens approximation [1]. This method of gravitational
lensing is called as geometrical optics limits in this light ray is traced. This
method is used by scientific authors for black holes and cosmological models.
There are now many articles in the literature where the authors proposed
several types of lens equations for tracing the bending light for which one
1E-mail address: hghafarnejad@semnan.ac.ir.
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can see [2, 3, 4] and references therein for instance. Many samples of images
caused by gravitational lensing have been obtained observationally.
In fact we call geometrical optics for a path of light ray derived from the high
frequency Maxwell electromagnetic waves where the wavelength is so mush
smaller than the size of lens objects. If this is not done, then the wave effects
of the light rays namely diffraction and interference patterns, become impor-
tant and so we must take into account the wave properties of the light rays.
For instance one can see [5, 6, 7] to study wave effects on the amplification
factor of wave intensity and [8, 9] for direct detection of the black holes via
imagining shadows. We know that the apparent angular size of the black hole
shadows are small and so their detectability depends on angular resolution of
a used telescope. Resolution of a telescope is determined by diffraction limit
of image formation system where wave effects on image have more important
for successful detection of black holes shadows. Scattering of waves by a
Schwarzschild black hole is studied in ref. [10] to obtain images of the black
hole from scattered wave data for particular scattering angles. Diffraction of
a plan Electromagnetic wave by a Schwarzschild black hole is studied in refs.
[11, 12, 13] to calculate Poynting vector and to obtain conditions where the
geometrical limit of optics become dominant. Authors of ref. [14] examined
diffraction effects of waves on gravitational lensing instead of the geometrical
optics approximation where mass of the lens objects is smaller than the sun
mass. They obtained a pattern of interference fringes for which diffraction
phenomena such as the intensity of the image on the optical axis, the lowest
mass for which significant brightening occurs while, in the geometrical optics
approximation it is infinite. They showed that the diffraction of the waves for
low mass stars such as planets give out a suitable way to prob the unknown
dark matter. In ref. [15] one can obtain wave effects of the gravitational
waves become important in the gravitational lensing when their wavelength
become greater than the Schwarzschild radius of the lens. They showed in
this work that how accurately can extract the mass of the lens and the source
position from the lens signal.
According to the work [16] presented by Yasusada Nambu we want to use
wave behavior of the light ray in the gravitational lensing of a spherically
symmetric static metric (the lens) given in the Ref.[17]. We show how im-
ages of source objects are obtained directly from wave functions without
using a lens equation for gravitational lensing and how can affected by the
reference frames. For this purpose we apply the Fresnel-Kirchhoff diffraction
theory of image formation in wave optics.
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Here we say about importance of the used lensing model: To give an answer
to open problem in the literature where how can changes signature of the
background metric from Lorentzian (− + ++) to Euclidian (+ + ++) dy-
namically?, we proposed a dynamical model at [18, 19] by generalizing the
Scalar tensor Brans Dicke gravity via dynamical time like vector fields. In
this model the used time like vector field can be described as four veloc-
ity of preferred reference frames. Thereinafter we studied some applications
of this alternative gravity model as follows: Metric signature transition of
quantum Robertson Walker cosmology [20], canonical quantization of the
isotropic[21] and the anisotropic [22] cosmology, classical isotropic Robertson
walker [23] and classical anisotropic Bianchi I [24] cosmology and corrections
on the galaxy rotation curves [17]. In this work we solved metric equations
in weak field limits and obtained a modified Schwarzschild de Sitter metric
form where the used dynamical vector field causes to create an effective vari-
able cosmological parameter. In the present work we want to study effects
of this variable cosmological parameter on the interference fringes and image
formation of the gravitational lensing. Layout of the paper is as follows.
In section 2 we review general formalism of the Fresnel-Kirchhoff diffraction
formula for scattering scalar waves and image formation proposed by Nambu
et al [15, 16]. In section 3 we introduce the lens model obtained in the Ref
[17] and then calculate lensing potential. In section 4 we produce image
formation with quasi stationary waves and obtain intensity of the diffracted
waves in presence of the effective cosmological parameter. Section 5 denotes
to outlook of the work.
2 Fresnel-Kirchhoff diffraction and image for-
mation
The first we review the basic formalism of gravitational lensing via wave
optics approximation. Ignoring the polarization of electromagnetic waves
one can consider just scalar waves propagating on a curved space time. In
weak field limits of the gravitational fields we consider the background metric
of a static object (the lens) has the following form in units c = G = 1.
ds2 = gµνdx
µdxν = −(1 + 2U(~r))dt2 + (1− 2U(~r))d~r2 (1)
where |U(~r)| << 1. This means that the background metric is Minkowskian
plus a small disturbance due to the gravitational potential U(~r).We consider
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a spherical polar coordinates (r, θ, ϕ) for which d~r2 = dr2+ r2dθ2+sin2 θdϕ2
and set the origin to be at the source position while the polar axis is point-
ing toward the lens object. In this setup U(−→r ) = U(r,−→θ ) in which −→θ =
θ(cosϕ, sinϕ) is a two dimensional vector on a flat lens plane and radial co-
ordinate r should be evaluated from the source position.
The massless scalar wave propagation in the above curved space time is de-
scribed by
∂µ(
√−ggµν∂νφ) = 0. (2)
Substituting
φ(t, ~r) = φ˜(~r)e−iωt (3)
into the wave equation (2) and eliminating higher order terms in U one can
obtain equation of the amplitude φ˜(~r) as
(∇2 + ω2)φ˜ = 4ω2U(~r)φ˜ (4)
where ∇2 is the flat space Laplacian and so by using the spherical polar
coordinates system the amplitude equation (4) reads
1
r
∂2
∂r2
(rφ˜) +
1
r2 sin θ
∂
∂θ
(
sin θ
∂φ˜
∂θ
)
+
1
r2 sin2 θ
∂2φ˜
∂ϕ2
+ ω2φ˜(~r) = 4ω2U(~r)φ˜(~r).
(5)
We assume the wave scattering occurs in a small spatial region around the
lens and outside of this region the wave propagates in a flat space. In other
words one can see that without the lensing object for which U = 0 the above
equation has a simple solution as
φ˜0 =
Ωeiωr
r
(6)
in which Ω is a constant and r = |~r|. Hence it is useful to define the ampli-
fication factor of the wave amplitude due to lensing as follows.
F (~r) =
φ˜(~r)
φ˜0(~r)
. (7)
We set the observer is located at ~ro = (ro, θo, ϕo) with θo << 1(radians). In
this case the waves which is detected by the observer should be confined in
the region of θ << 1 with 0 ≤ ϕ ≤ 2π for which we can use the approximation
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sin θ ≈ θ in the equation (5). Substituting (6) and (7) and the approximation
sin θ ≈ θ, the equation (5) reduces to the following form.
∂2F
∂r2
+ 2iω
∂F
∂r
+
∇2θF
r2
= 4ω2UF (8)
where we defined
∇2θ =
∂2
∂θ2
+
1
θ
∂
∂θ
+
1
θ2
∂2
∂ϕ2
. (9)
According to the work presented in Refs. [15, 16] we choose geometry of
the gravitational lens to be made from three parallel planes, called as the
source, the lens and the observer plane (see figure 1). The angular diameter
distances along the normal from the observer plane to the source and the
lens planes are labeled with DS and Dd, respectively. Distance between the
source and the lens planes is labeled as DdS. The emitted waves by a point
source located in the source plane, travel freely to the lens plane, and they
are lensed by a gravitational potential U that is assumed to be localized in
the thin (width<< focal length) lens plane , before reaching the telescope at
the observer plane. We assume
−→
ξ to be coordinates at the lens plane and −→η
to be coordinates at the source plane and ~∆ to be coordinates (not shown)
at the observer plane in figure 1, which can be redefined versus the following
dimensionless coordinates.
−→x =
−→
ξ
ξ0
=
~θ
θE
, −→y = Dd
DS
−→η
ξ0
=
~β
θE
, ~z =
(
1− Dd
DS
) ~∆
ξ0
(10)
where ξ0 = DdθE and θE is the Einstein ring angle which for a point like lens
with mass ML is given by
θE = 2
√
ML
Dd
DdS
DS
. (11)
Applying (10) and (11) one can show that the equation (8) has a integral
solution which at the observer plane is
F (~y, ~z) =
w
2πi
∫
dx2eiwT (x,y,z) (12)
and it is called as Fresnel-Kirchhoff diffraction formula at the observer plane.
The dimensionless time delay function T (x, y) and dimensionless frequency
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w are given by
T (x, y, z) =
1
2
|−→x −−→y − ~z|2 −Ψ(−→x ), w = DSξ
2
0
DdSDd
ω = 4MLω (13)
in which
Ψ(−→x ) = 1
2ML
∫ DS
0
drU(−→x , r) (14)
is called the 2 dimensional lensing potential. It is obtained by projecting
the 3 dimensional metric potential U(−→r ) on the lens plane. This lensing
potential satisfies two important properties as follows:
A) Its gradient is deflection angle
−→∇xΨ(−→x ) = −→α (−→x ). (15)
B) Its 2 dimensional Laplacian gives twice of the convergence as
∇2xΨ(−→x ) = 2κ(−→x ) (16)
where the convergence κ is in fact the dimensionless surface gravity Σ(−→x ) of
the lens on the lens plane namely
κ(−→x ) = Σ(
−→x )
Σcr
(17)
for which
Σcr =
DS
4πDdDdS
(18)
is called the critical surface gravity. The time delay T (x, y, z) is obtained by
applying the path integral formalism on the possible pathes of the moving
light rays by regarding the eikonal approximation in the equation (8). In the
eikonal approximation one can neglect second order differentiation with the
first one in the equation (8) because of the assumption ω/|∂ lnF/∂r| ∼(Scale
on which F varies)/(wavelength)>> 1 and so the equation (8) looks like the
Schrodinger equation [5]. In this latter case the r component behaves as
the time evolution parameters for the wavefronts with particle mass ω. In
the geometrical optics limit ω >> 1 the diffraction integral (14) reads to
the stationary points of the phase function which they are obtained by the
Fermat‘s principle as follows.
−→∇xT (x, y, z) = 0 = −→x −−→y − ~z −−→α (−→x ) (19)
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for a fixed −→y . This is the lens equation in geometrical approximation for
gravitational lensing and determines the location of the image −→x for given
source position −→y . At the observer plane the unlensed wave amplitude (6)
is φo(~η, ~∆) = (Ω/rs) exp(iωrs) where rs =
√
D2s + |~η − ~∆|2. At the Fresnel-
Kirchhoff diffraction limit for which Ds >> |~η − ~∆| we can write φo(~η, ~∆) ≈
(Ω/Ds) exp[iω(DS + |~η− ~∆|2/2Ds)] and substitute the dimensionless coordi-
nates (10) to obtain [15, 16]
φ0(~y, ~z) =
Ωeiwt(~y,~z)
DS
(20)
in which
t(~y, ~z) =
DdS
2Dd
(
~y − Dd
DdS
~z
)2
+
DdSDd
ξ20
(21)
and so the lensed wave amplitude will be
φL(~y, ~z) = φ0(~y, ~z)F (~y, ~z). (22)
This is an incident wave which enters in front of the telescope convex lens
and so part of it which passes through the lens makes the transmitted wave
at the observer plane (the telescope) such that
φT (~y, ~z′) = τ(~z′)e
−iǫw|~z′|2φL(~y, ~z′), ǫ =
DdDs
2fDds
(23)
where z′ and f are position and focal length of the telescope convex lens.
The aperture function of the convex lens τ(~z′) is defined by τ(~z) = 1 for
0 ≤ |~z| ≤ R and τ(~z) = 0 for |~z| > R in which R is radius of the lens. We
apply the lens equation of a convex thin lens as
1
Ds
+
1
zo
=
1
f
(24)
to obtain amplitude of the magnified wave which after passing from the lens
causes to forme the image at the position zo (image plane) on the observer
plane. This is done by the integral equation
φo(~y, ~z) =
∫
|~z′|≤R
dz′2φT (~y, ~z′)e
iλw|~z−~z′|2, λ =
DdDs
2zoDds
(25)
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Substituting (20), (22) and (23) into the equation (25) we obtain
φo(~y, ~z) =
Ωeiwg(~y,~z)/2
DS
∫
|~z′|≤R
dz′2F (~y, ~z′)e−iw
~k·~z′ (26)
where
g(~y, ~z) =
DdS
Dd
|~y|2 + DdDS
DdSzo
|~z|2 + 2DdsDd
ξ20
(27)
and
~k = ~y + 2λ~z. (28)
One can look at the equation (26) to infer that φo(~y, ~z) is in fact the Fourier
transform of the amplification factor F which produces the interference fringe
pattern. Furthermore the lens equation (24) shows that for large distances
Ds >> 1 we can use the following approximation in the relation (27).
zo ≈ f. (29)
Substituting (12) the equation (26) reads
φo(~y, ~z) ≈ ΩR
2
iDs
eiwg(~y,~z)/2
∫
dx2eiw(|~x−~y|
2/2−ψ(~x))J1(wR|~x+ 2λ~z|)
wR|~x+ 2λ~z| (30)
where we omitted |~z′|2 with respect to the linear order term in the exponent to
evaluate the z′ integral because dimensionless radius of the telescope convex
lens is small R << 1. In fact R is the convex lens radius divided by Ds. On
the other side we know that distance between the source and the observer is
very large with respect to the lens radius in the Fraunhofer diffraction. Also
we used the following identities about the Bessel functions.
uJ0(u) =
d(uJ1(u))
du
, J0(z
′) =
1
2π
∫ 2π
0
dγe−iw|~x+2λ~z|z
′ cos γ (31)
in which γ is angle between the vectors ~x+2λ~z and ~z′ on the observer plane.
At the geometrical optics limit where w >> 1 the amplification factor (12)
can be approximated by the WKB forma as
F (~y, ~z) ∼ eiw(|~xs−~y−~z|2/2−ψ( ~xs)) (32)
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where the stationary images positions ~xs are obtained from the equation (19).
Substituting (32) into (30) one can infer that the magnified wave amplitude
at the observer in the geometrical approach reduce to the following form.
φo(~y, ~z, ~xs) ∼ eiw[g(~y,~z)/2+|~xs−~y−~z|2/2−ψ( ~xs)]J1(wR|~xs + 2λ~z|)
wR|~xs + 2λ~z| (33)
which in limits wR >> 1 behavior of the Bessel function reduces to a two-
dimensional delta function
lim
wR→∞
φo(~y, ~z) ∼ δ2(|~xs + 2λ~z|) (34)
This gives us position of the image at the image plane in the geometrical
optics limit as
~z = − ~xs
2λ
. (35)
If the lens equation has multiple solution ~xis with i = 1, 2, ... then the mag-
nified wave amplitude on the image plane become [16]
φo(~y, ~z) =
∑
i=1
Aiφo(~y, ~z, ~x
i
s) (36)
where Ai are constants. In the next section we use a particular lens model
and produce images of the point source via wave optics in presence of the
preferred reference frame effects .
3 Lens Model
Let us first we start to calculate the lensing potential (14) for the following
metric potential which is obtained in Ref. [17].
U(r˜) = −1
2
{
2ML
r˜
+
Λr˜2
3
+ 1.6× 106Λr2qf
[(
rqf
r˜
)25
+
(
r˜
rqf
)24]}
(37)
where r˜ is radial coordinate evaluated from the lens plane. ML is the ADM
mass of the gravitational lens, Λ is the cosmological constant and rqf is a
length scale where the metric field approaches to the Minkowski for which
U(rqf ) = 0 and so for Λ < 0 (AdS space) we will have
rqf ≈ (−ML/Λ)
1
3
117
. (38)
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The modified Λ terms in the gravitational potential (37) come from physical
effects of dynamical time like vector field in the modified Scalar-vector-tensor
Brans Dicke gravity [18, 19]. To calculate the lensing potential (14) we should
first rewrite (37) by changing center of the spherical polar coordinates from
the lens plane to the source plane (see figure 1) via the following transfor-
mation.
r˜ = |−→r −−→D d| =
√
r2 − 2rDd cos θ +D2d (39)
in which r is radial coordinate evaluated from the source plane.
Substituting (39) into (37) we obtain
U(r, θ) =
−M√
r2 − 2rDd cos θ +D2d
− Λ
6
(r2 − 2rDd cos θ +D2d)
− 0.8× 10
6Λr27qf
(r2 − 2rDd cos θ +D2d)
25
2
− 0.8× 10
6Λ
r22qf
(r2 − 2rDd cos θ +D2d)12. (40)
Substituting (3) and integrating (14) we obtain
Ψ(θ) =
1
2ML
{I1(θ) + I2(θ) + I3(θ) + I4(θ)} (41)
where by defining
σ =
DS
Dd
, (42)
we have
I1(θ) =ML ln
[
1− cos θ
σ − cos θ +√σ2 − 2σ cos θ + 1
]
, (43)
I2(θ) = −ΛD
3
d
6
[
σ3
3
− σ2 cos θ + σ
]
(44)
I3(θ) =
−0.8 × 106Λr27qf
D24d
∫ σ
0
ds
[(s− cos θ)2 + sin2 θ] 252 (45)
and
I4(θ) = −0.8 × 10
6ΛD25d
r22qf
∫ σ
0
[(s− cos θ)2 + sin2 θ]12ds. (46)
Applying the transformation
s = cos θ + sin θ tan ν (47)
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the equations (45) and (46) can be solved respectively as follows.
I3(θ) = −
0.8× 106Λr27qf
D24d sin
24 θ
∫ νσ
ν0
cos23 νdν = −0.8 × 10
6Λr27qf
D24d sin
24 θ
{F (νσ)− F (ν0)}
(48)
and
I4(θ) = −0.8× 10
6ΛD25d
r22qf
sin25 θ
∫ νσ
ν0
dν
cos26 ν
(49)
= −0.8× 10
6ΛD25d
r22qf
sin25 θ{H(νσ)−H(ν0)}
where we defined
ν0 =
π
2
+ θ, (50)
νσ = arctan
(
σ − cos θ
sin θ
)
, (51)
F (ν) = sin ν
{
1
23
cos22 σ +
22
483
cos20 σ +
440
9177
18
cosσ +
2640
52003
cos16 σ
+
2816
52003
cos14 σ +
5632
96577
cos12 σ +
6144
96577
cos10 σ +
20480
289731
cos8 σ
+
163840
2028117
cos6 σ +
65536
676039
cos4 σ +
262144
2028117
cos2 σ +
524288
2028117
}
, (52)
H(ν) =
J(ν)
25
tan ν (53)
and
J(ν) =
4194304
676039
+
2097152
676039
1
cos2 ν
+
1572864
676039
1
cos4 ν
+
1310720
676039
1
cos6 ν
+
163840
96577
1
cos8 ν
+
147456
96577
1
cos10 ν
+
135168
96577
1
cos12 ν
+
67584
52003
1
cos14 ν
+
63360
52003
1
cos16 ν
+
3520
3059
1
cos18 ν
+
176
161
1
cos20 ν
+
24
23
1
cos22 ν
+
1
cos24 ν
. (54)
We calculate now the lensing potential (41) for weak lensing regions θ << 1.
This is done as follows by substituting (38), (50), sin θ ≈ θ, cos θ ≈ 1 − 1
2
θ2
and νσ ≈ π2 − θσ−1 + · · · instead of the equation (51):
I1(θ) ≈ 2ML ln
(
θ
2
√
σ − 1
)
+ · · · , σ > 1, (55)
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I2(θ) ≈ 1.04× 10−7ML
(
Dd
rqf
)3
σ
[
σ2
3
− σ + 1 + σ
2
θ2 + · · ·
]
(56)
I3(θ) ≈ ML
2
(
rqf
Dd
)24
1
θ24
{
1
23
[
1
(σ − 1)22 − 1
]
θ22 +
22
483
[
1
(σ − 1)20 − 1
]
θ20
+
440
9177
[
1
(σ − 1)18−1
]
θ18+
2640
52003
[
1
(σ − 1)16−1
]
θ16+
2816
52003
[
1
(σ − 1)14−1
]
θ14
+
5632
96577
[
1
(σ − 1)12−1
]
θ12+
6144
96577
[
1
(σ − 1)10−1
]
θ10+
20480
289731
[
1
(σ − 1)8−1
]
θ8
+
163840
2028117
[
1
(σ − 1)6−1
]
θ6+
65536
676039
[
1
(σ − 1)4−1
]
θ4+
262144
2028117
[
1
(σ − 1)2−1
]
θ2
}
(57)
and
I4(θ) ≈ ML
2
(
Dd
rqf
)25
θ25
{
4194304
676039
[(σ − 1) + 1]
θ
+
2097152
676039
[(σ − 1)3 + 1]
θ3
+
1572864
676039
[(σ − 1)5 + 1]
θ5
+
1310720
676039
[(σ − 1)7 + 1]
θ7
+
163840
96577
[(σ − 1)9 + 1]
θ9
+
147456
96577
[(σ − 1)11 + 1]
θ11
+
135168
96577
[(σ − 1)13 + 1]
θ13
+
67584
52003
[(σ − 1)15 + 1]
θ15
+
63360
52003
[(σ − 1)17 + 1]
θ17
+
3520
3059
[(σ − 1)19 + 1]
θ19
+
176
161
[(σ − 1)21 + 1]
θ21
+
24
23
[(σ − 1)23 + 1]
θ23
+
[(σ − 1)25 + 1]
θ25
}
. (58)
One can see that for particular value σ = 2 we will have I3(θ) = 0 while
divergence terms for small θ is still supported via logarithmic term. Hence
we substitute σ = 2 (for simplicity), θ = θEx, (55), (56), (3) and (3) into the
lensing potential(41) to obtain
Ψ(x) ≈ ln x+ Ax2 +B (59)
in which
A = θ2E
[
1.04× 10−7
L3
+
24
23
1
L25
]
, (60)
B = ln
(
θE
2
)
+
3.5× 10−8
L3
+
0.5
L25
(61)
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and
L =
rqf
Dd
, θ2E (σ=2) =
2ML
Dd
. (62)
The logarithmic term in the lensing potential (59) is related to a point mass
lens [5] which comes from the first term in the metric potential (37) while the
other terms come from effective cosmological Λ terms in(37). One can infer
that for Λ = 0 the equation (38) reads rqf →∞ for which L = rqfDd →∞ and
so (60) and(61) reach to the following forms.
AΛ=0 = 0, BΛ=0 =
1
2
ln
(
ML
2Dd
)
. (63)
In general we can tell that physical affects of dynamical preferred reference
frames make a distribution for the lens mass. Furthermore for Λ 6= 0 we can
choose L ≈ 1 for which
AΛ 6=0 ≈ 2ML
Dd
, BΛ 6=0 ≈ 1
2
[
1 + ln
(
ML
2Dd
)]
. (64)
Now, we are in position to calculate diffraction formula (12) for the lensing
potential (59). To do so we choose a 2 dimensional polar coordinates on the
lens plane as dx2 = xdxdλ where λ is polar angle between directions of the
vectors −→x and −→y on the lens plane so that |−→x −−→y |2 = x2 + y2 − 2xy cosλ.
Applying these relations the equation (12) can be rewritten as follow.
F (w, y) = −iweiw( y
2
2
−B)
∫ ∞
0
xdxJ0(wxy)e
iw[(1−2A)x2/2−lnx] (65)
where we substituted (59) and used the following identity for the zero order
Bessel function J0.
J0(wxy) =
1
2π
∫ 2π
0
dλe−iwxy cos λ. (66)
Applying the series solution
J0(s) =
∞∑
k=0
(−1)k
(k!)2
(
s
2
)2k
(67)
the diffraction integral (65) can be rewritten as follows.
F (y, w) =
e
piw
4
(1− 2A)e
iw( y
2
2
−B+ln
√
w(1−2A)/2)Γ
(
1−iw
2
)
1F1
(
1−iw
2
, 1;
−iwy2
2(1− 2A)
)
(68)
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in which we used the gamma function identity
∫ ∞
0
x1+2k−iweiw(1−2A)x
2/2dx =
1
2
(
2i
w(1− 2A)
)1+k− iw
2
Γ
(
1 + k − iw
2
)
(69)
and series form of confluent hypergeometric function 1F1 as follows [25].
1F1(a, c; z) =
∞∑
k=0
(a+ k − 1)!(c− 1)!
(c+ k − 1)!(a− 1)!
zk
k!
. (70)
In usual astrophysical situations we know that [5]
w = 4MLω ∼ 105 ×
(
ML
M⊙
) 1
2
(ν/GHz) >> 1 (71)
and so it is useful to study asymptotic behavior of the amplification factor
(68) at large w. In fact w >> 1 reads to the geometrical optics limit where
the waves diffraction behavior should be considered as perturbation on the
geometric optics limits. On the other side convergence limit of the conflu-
ent hypergeometric function 1F1 is in regimes
∣∣ wy2
2(1−2A)
∣∣ << 1. In any case
we should calculate the product |F |2 = FF ∗ if we want to study intensity
of magnification factor (68). It is done as follows in which F ∗ is complex
conjugate for F .
|F |2 = 1
(1− 2A)2
πw
1− e−πw
∣∣∣∣ 1F1
(
1− iw
2
, 1;
−iwy2
2(1− 2A)
) ∣∣∣∣
2
(72)
where we used the formula (is)!(−is)! = |(is)|2 = πs
sinhπs
for real s parameter.
It is easy to check behavior of the equation (72) in the long wavelength limit
w → 0 as
lim
w→0
|F |2 → 1 (73)
which means the amplification does not occur and so the waves ignore the
lens. For large frequencies w >> 1 with small angle scattering
∣∣ wy2
2(2A+1)
∣∣ << 1
we should obtain asymptotically behavior of the confluent hypergeometric
function
1F1
(
1− iw
2
, 1;
−iwy2
2(1− 2A)
)
=
∞∑
k=0
(
k − iw
2
)
!
(k!)2
(− iw
2
)
!
(
− iwy
2
2(1− 2A)
)k
. (74)
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We can write about its coefficient:(
k − iw
2
)
!(− iw
2
)
!
=
(
− iw
2
)(
− iw
2
+ 1
)(
− iw
2
+ 2
)
· · ·
(
− iw
2
+ k
)
=
(
− iw
2
)k(
1 +
2
iw
)(
1 +
4
iw
)
· · ·
(
1 +
2k
iw
)
(75)
which for large frequency w one can omit the negligible terms
(
1 + 2
iw
)(
1 +
4
iw
) · · · (1 + 2k
iw
)
such that
lim
w→∞
(
k − iw
2
)
!(− iw
2
)
!
∼=
(
− iw
2
)k
. (76)
Substituting the above relation into the solution (72) and comparing with
(67) we will have
lim
w→∞
1F1
(
1−iw
2
, 1;
−iwy2
2(1− 2A)
)
≃
∞∑
k=0
(−1)k
(k!)2
(
wy
2
√
1− 2A
)2k
= J0
(
wy√
1− 2A
)
(77)
in which A < 1
2
and for A ≥ 1
2
the above approximation reduces to the
modified zero order Bessel function. Physically, the latter case tell us that
the fringes of the interference pattern will be removed for A ≥ 1
2
which reads
Dd < 4ML for L ≈ 1. Substituting the above result into the amplification
factor (74) we will have for large w
lim
w→∞
|F |2 ≃ πw
(1− 2A)2J
2
0
(
wy√
1− 2A
)
(78)
which its diagram is plotted in figure 2 versus y. One can see to this dia-
gram and infer that the preferred reference frame effects makes a relativistic
Doppler in frequency of the waves as
wD
w
=
1√
1− 2A,
δw
w
=
wD(Λ 6=0) − wD(Λ=0)
w
≈ 2ML
Dd
(79)
where we used (63) and (64) for small 0 < A < 1
2
.
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4 Image formation with quasi-stationary waves
Substituting (59) into the lens equation (19) we obtain
(1− 2A)x2s − (y + z)xs − 1 = 0 (80)
which gives us positions of two stationary images in geometrical optics limit
for particular case σ = 2. From point of view of coordinates center at observer
plane z = 0 the above equation has two solutions as follows.
x±s =
y ±√y2 + 4(1− 2A)
2(1− 2A) . (81)
For y = 0 where the source is located on the optical axes z = 0 the above
solutions reads
|xs| = 1√
1− 2A (82)
which represents the Einstein ring (see figures 2 and 3). Substituting (63)
and (64) the equation (82) reads
|xs|Λ=0 ≈ 1, |xs|Λ 6=0 ≈ 1 + 2ML
Dd
. (83)
This means that the preferred reference frame effects cause to rise the Ein-
stein ring radius. In case y 6= 0 the lens (81) has in general two different
solution which are positions of two stationary images in geometrical limit.
Corresponding magnifications are obtained by µ(y) = ( y
x
dy
dx
)−1 for axially-
symmetric lens as follows.
µ± =
1
2(1− 2A)2
[
1± y
2 + 2(1− 2A)
y
√
y2 + 4(1− 2A)
]
. (84)
We obtain limy→∞(x
−
s , µ−) = (0, 0) and limy→∞(x
+
s , µ+) = (
y
(1−2A)
, 1
(1−2A)2
) ≈
(∞, 1
(1−2A)2
) which mean for large angular separations between the source and
the lens, one image disappear because it is demagnified and the other image
will be indistinguishable from the source. This is because it has the same
position and flux. These statements are understood by looking the figures.
Now we try to produce this images from the magnified wave amplitude (36)
for the stationary image positions (81). For these stationary images we fit
the coefficients Ai in (36) with the magnifications (84) for which (36) become
φo(y, z) = µ+φ
+
o (x
+
s , y, z) + µ−φ
−
0 (x
−
s , y, z) (85)
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and corresponding intensity is obtained by multiplying its complex conjugate
as follows.
I(z) = φoφ
∗
o = |µ+|2
∣∣∣∣J1(wR|
~x+s + 2λ~z|)
wR| ~x+s + 2λ~z|
∣∣∣∣
2
+ |µ−|2
∣∣∣∣J1(wR|
~x−s + 2λ~z|)
wR| ~x−s + 2λ~z|
∣∣∣∣
2
+2|µ−µ+|
∣∣∣∣J1(wR|
~x+s + 2λ~z|)
wR| ~x+s + 2λ~z|
∣∣∣∣×
∣∣∣∣J1(wR|
~x−s + 2λ~z|)
wR| ~x−s + 2λ~z|
∣∣∣∣ cos(Υ) (86)
where we defined
Υ = ln
∣∣∣∣x
−
s
x+s
∣∣∣∣+ |
~x+s − ~y − ~z|2
2
− |
~x−s − ~y − ~z|2
2
−A( ~x+s − ~x−s ) · ( ~x+s + ~x−s ). (87)
The first two terms in (4) come from diffraction of the waves while the last
term comes from interference patterns of the diffracting fringes. Here the
convex lens radius R is more small with respect to the source distance Ds
and w >> 1 for geometrical optics limit. So we will assume w = 1000, R =
0.1, λ = 10 to plot (4). Because in case σ = 2 we obtain Dds = Ds−Dd = Dd
and so λ = Ds
2f
>> 1 in the astrophysical scales. Furthermore we should be
point that to produce surface diagrams in figure 2 we used the following
relations for each image position z =
√
u2 + v2.
5 Concluding remark and outlook
In this work we studied effects of the preferred reference frames defined by
variable cosmological term on the gravitational lensing via wave optics. To
do so we assumed the Maxwell electromagnetic waves are described by a
massless scalar field in absence the electric and magnetic vector fields polar-
ization. We obtained that this effective cosmological term rises radius of the
Einstein rings, brightness, resolution of the images and distance between two
images forming from interference of the diffracted waves. Assuming difference
between the lens and the observer to be half of difference between the source
and the observer we can obtained an analytic solution for the amplification
factor of magnified waves. If this particular choice does not applied then we
should proceed to use numerical methods to evaluate it. This is our wish
to investigate as future work. As extensions of this work one can seek the
black hole shadow via interference pattern of the diffracted waves in presence
17
of the preferred reference frames. Impressive and dramatic other work can
be investigation of behavior of the wave optics in image formation from the
gravitational lensing of sources which their positions are near the fold caus-
tics singularity. Specially we should be pointed to importance of the physical
effects of the preferred reference frames on the gravitational lensing of the
gravitational waves because of their weak intensity. In fact this additional
term can be magnified its intensity to detect by the observational instrument,
if we set this effective cosmological parameter with the well known Hubble
parameter.
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Figure 1: Geometry of the gravitational lens from [26] (left) and Ampli-
fication factor (78) for w = 1000, AΛ=0 = 0 and AΛ 6=0 =
1
3
(middle and
right)
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Figure 2: Diagrams of the intensity (4) for y = 0: The Einstein rings show
interference fringes at zone of the diffraction.
Figure 3: Diagrams of the intensity (4) for y = 0 show the Einstein ring at
far from the diffraction zone. The Λ term raises radius of the ring.
Figure 4: Diagrams of the intensity (4) for y = 0.2 show two images with
unequal intensities. They are located up and down sides with respect to
the optical axis. The middle diagram shows raising the image intensity and
distance between the two images by the Λ term.
Figure 5: Middle diagram of the intensity (4) is plotted for y = 2 and shows
just one image as visible from the observer telescope.
Figure 6: Diagram of the intensity (4) is plotted for y = 3 and by comparing
with the figure 5 one can infer that the fist visible image reaches to a point
like image by raising y.
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Figure 7: Diagrams of the intensity (4) for y = 5 where the observer can see
just one image for large y. We see that the Λ term raises resolution of the
image.
22
